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Abstract
We discuss early structure formation of small scales sourced by primordial black holes
(PBHs) which constitute a small part of present cold dark matter component. We calculate
the mass function and power spectrum of haloes originated from the Poisson fluctuations
of PBH number and show that the number of small haloes is significantly modified in the
presence of PBHs even if their fraction accounts for only 10−4–10−3 of total dark matter
abundance. We then compute the subsequent 21cm signature from those haloes. We find
that PBHs can provide major contributions at high redshifts within the detectability of
future experiments such as Square Kilometer Array, and provide a forecast constraint on
the PBH fraction.
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1 Introduction
Recently, LIGO observed gravitational wave signals produced by binary black hole mergers
at high redshift, z = 0.09 [1, 2]. It was found from GW150914 event that each black hole
constituting the binary has a high-stellar mass, MBH ∼ 30M and likewise from GW151226
MBH ∼ 10M. It is however difficult to explain the existence of such a system within the
framework of conventional astrophysical processes [3, 4]. Among various challenges to explain
the event [5–7], primordial black hole (PBH) is one possible solution as pointed out in [8–10] in
such a way that two nearby PBHs can form a binary and eventually coalesce within the present
age of the universe [11]. The estimated merger rate 9–240 Gpc−3 yr−1 [12] is consistent with
the theoretical prediction.
PBH formation occurs through direct collapse of high density region in the early universe [13]
(see also [14,15] for other early works) seeded by the primordial fluctuations during inflation or
subsequent cosmological phase transitions. The PBH mass is estimated as the energy of cosmic
fluid stored in a sphere with the Hubble horizon radius at the formation time:
MPBH =
4pi
3
H−3f ρr,f ≈ 0.05M
( g∗f
100
)−1/2( Tf
1 GeV
)−2
, (1)
where the subscript f represents that the quantity is evaluated at the PBH formation time,
ρr is the radiation energy density, g∗ is the number of the relativistic degrees of freedom and
M = 1.99 × 1033 g is the solar mass. The present PBH density parameter can be calculated
via
ΩPBH0h
2 =
ρPBH,eq
ρr,eq
Ωm0h
2 ≈ 7× 109 β
1− β
(
M
MPBH
)1/2
, (2)
where the subscript eq represents the value at the matter-radiation equality, Ωm0h
2 = 0.14 is
the present density parameter of matter content, and β ≡ ρPBH,f/ρf is the density fraction of
PBHs at the moment of formation. PBHs behave as a pressureless matter component in cosmic
fluid and long-lived PBHs whose mass is larger than 1015 g can take a role of the present dark
matter content (for recent reviews, see [16,17]).
The existence of PBHs can be examined by various observations over wide mass range [16,
17]. In particular, it is severely constrained by gravitational microlensing surveys [18, 19] and
gravitational wave detection by pulsar timing observations [20–23]. In a mass range of our
interest MPBH ∼ 10M, there is a strong constraint from cosmic microwave background (CMB)
observations [24], and the current density fraction of PBHs to total dark matter abundance is
constrained as fPBH ≡ ΩPBH0/Ωc0 . 10−4–10−3 depending on the duty cycle parameter, where
Ωc0 is the present cold dark matter density parameter. Interestingly, it is pointed out in [10]
that the constraint is marginally satisfied if one consider the expected merger rate of such black
holes from GW150914 event and the possibility can be tested in not-so-far future by the precise
observation of CMB spectral distortion such as PIXIE [25].
Specific scenarios of the inflationary universe predict blue spectrum of the curvature per-
turbation and naturally lead to the formation of a significant number of PBHs after infla-
tion [26–30]. Non-thermal evolution of the universe during the post-inflationary epoch may
well give rise to enhanced density perturbations on small scales that lead to the formation of
PBHs consistent with the current observations [31–33]. Note that the possibility of PBHs as
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the main component of dark matter is not completely ruled out if one considers a scenario
predicting an extended mass spectrum [34,35].
Because the PBH formation is a rare event, and the spatial distribution of PBHs is quite
discrete, there is a Poisson fluctuation in the PBH number density as first pointed out in [36]
(see also [37–39] for early works). Such a Poisson noise eventually behaves like an isocurvature
mode of matter density perturbations on small scales. Since the power spectrum of Poisson noise
is inversely proportional to the number density of PBH (see Section 2.1), such a mode becomes
more significant for heavier PBHs. Hence, the abundance of such PBHs can be constrained by
observation of the Lyα forest [40] and it can imprint non-trivial effects on the cosmic infrared
background anisotropies [41].
The existence of PBHs can affect the redshifted 21cm line fluctuations. For heavy, non-
evaporating PBHs with 10M . MPBH . 108M, X-ray photons are emitted due to matter
accretion onto PBHs and nearby intergalactic medium (IGM) is heated and ionized. It can
significantly alter the 21cm signature even though PBH accounts for only a tiny fraction of
cold dark matter [42]. Light PBHs which evaporate in the dark age with 2 × 10−20M .
MPBH . 10−16M can also affect the 21cm brightness temperature through the heating of IGM
due to the Hawking radiation [43]. More generally, the 21cm fluctuation is also sensitive to
the number of minihaloes because the gas temperature and the density of neutral hydrogen
can be significantly higher than the background values in such collapsed objects, leading to
the enhancement of hyperfine transition of neutral hydrogen atom [44, 45]. Potentially, it has
the detectability of small non-Gaussianity [46] and the small-scale power spectrum altered by
e.g. the neutrino mass, running spectral index for the curvature perturbation and warm dark
matter [47]. The primordial blue-tilted isocurvature perturbation can also produce a number
of minihaloes on small scales and affects the 21cm fluctuations [48,49].
In this article, we calculate explicitly the halo mass function and halo power spectrum
sourced by the Poisson fluctuations of PBHs. We show that the number of light haloes can
significantly increase in the presence of such isocurvature mode sourced by PBHs. Further,
we compute the resulting 21cm emission at high redshifts and find that those haloes provide
dominant contributions which can be detected by future experiments such as Square Kilometer
Array (SKA) [50], and that thus PBHs can be more strongly constrained by 21cm observations
than the current constraint in the mass range M .MPBH . 100M. This article is organized
as follows. In Section 2, we show the matter power spectrum and halo mass function from the
PBH density fluctuation. In Section 3 we compute the 21cm signature from haloes originated
from PBHs. We summarize shortly the cosmological and astrophysical implication of our results
in Section 4.
2 Minihalo formation with PBHs
The gravitational wave signals detected by LIGO indicate the existence of high-stellar mass
black holes with MPBH = O(10)M. If these black holes are PBHs, there is an isocurvature
mode on small scales due to the Poisson fluctuations in addition to the adiabatic Gaussian
density perturbation. Such an isocurvature mode can alter the halo mass function on small
scales as we will see in this section.
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2.1 Matter and PBH power spectra
Let us start with the standard matter power spectrum of the density perturbation sourced
by primordial adiabatic fluctuations. The density contrast in the position space is denoted as
δ(x) = δρ(x)/ρ¯ where barred quantity expresses the background value and a smoothed density
contrast over a volume V is written as
δs =
∫
V
d3x′δ(x′)W (|x− x′|) =
∫
d3k
(2pi)3
eik·xW (kR)δ(k) , (3)
where δ(k) is the Fourier transformation of δ(x) and W (kR) is the window function in the
Fourier space corresponding to the smoothing scale R, with W (x) being the one in the real
space. For the top-hat window function W (x) = 3Θ(R− x)/(4piR3), it is given by
W (kR) =
j1(kR)
kR
=
3 sin(kR)− 3kR cos(kR)
(kR)3
. (4)
The variance σ2(R) smoothed over the sphere with radius R is calculated as
σ2(R) =
∫ ∞
0
dk
k
k3P (k)
2pi2
W 2(kR) , (5)
where the power spectrum P (k) is defined via
〈δ(k)δ(k′)〉 ≡ (2pi)2δ(3)(k + k′)P (k) , (6)
with the brackets representing an ensemble average.
A horizon-sized region where the smoothed density contrast is larger than a threshold value
collapses into a black hole at the time when the relevant scale reenters the horizon in the
radiation dominated universe. Such an event is rare and thus PBHs are sparsely distributed in
space. Thus, the number of PBHs, NPBH, follows the Poisson distribution function:
P(NPBH) =
λNPBHe−λ
NPBH!
, (7)
where λ is the mean and also the variance of NPBH, λ = 〈NPBH〉 = 〈δN2PBH〉. The density
contrast of PBH coming from the Poisson noise can be expressed by NPBH = N¯PBH(1 + δPBH).
Note that δPBH is independent of the adiabatic primordial density perturbation and thus behaves
as an isocurvature mode. Replacing the ensemble average with the spatial average, the variance
of the density contrast is related to its Fourier space average as
〈δ2PBH〉 =
1
V
∫
d3xδ2PBH(x) =
〈|δPBH(k)|2〉
V 2
, (8)
where V is the comoving volume of the universe. Then, the PBH power spectrum is simply,
from the definition of the power spectrum (6) and properties of the Poisson distribution (7),
PPBH(k) =
V
N¯PBH
=
1
nPBH
. (9)
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Note that nPBH is the comoving number density and remains constant under the cosmic ex-
pansion. Thus (9) is fixed at the time of the PBH formation, which implies that if PBH mass
function is monochromatic, (9) is scale invariant. It is applicable for scales much larger than
the Hubble horizon scale at the time of the PBH formation.
Since δPBH is an isocurvature mode, the transfer function can be approximately given by [51]
Tiso(k) =

3
2
(1 + zeq) for k > keq
0 otherwise
, (10)
where 1+zeq ' 3400 is the redshift at the matter-radiation equality. This approximation is valid
in our case because the isocurvature contribution is highly negligible on scales near and below
keq. In fact, we have checked that more precise fitting formula of the transfer function [52]
does not change the subsequent results. Taking into account the linear growth factor D(z)
normalized by D(0) = 1, the PBH power spectrum at redshift z is given by1
PPBH(k, z) =
9
4
(1 + zeq)
2f 2PBHn
−1
PBHD
2(z)
≈ 2.5× 10−2fPBH
(
MPBH
30M
)
D2(z) Mpc3 for k > keq .
(11)
Since nPBH is a conserved value, we have made use of the relation MPBHnPBH = fPBHΩc0ρcr0,
where ρcr0 = 2.78× 1011h2M/Mpc3 is the present critical density. The total power spectrum
is the sum of the contribution from the standard adiabatic perturbation and that from the
Poisson fluctuation of PBHs. Figure 1 shows the total power spectrum in the presence of the
PBH Poisson fluctuation.
2.2 Halo mass function and power spectrum from PBHs
One can show that, by using the central limit theorem, the Poisson distribution for the PBH
number can be translated into the Gaussian distribution for the density contrast with 〈δPBH〉 =
0 and 〈δ2PBH〉 = 1/N¯PBH in the limit of NPBH  1 and δPBH  1. Here we assume the
validity of this translation can be extrapolated to the region of δPBH & 1 and make use of
the standard Press-Schechter formalism [53] to count the halo number in the case where the
Poisson fluctuation is included.
Let us consider a smoothed density field over a sphere with radius R. One can trade the
smoothing radius R in terms of the corresponding mass scale M by inverting the halo mass
1 Conventionally, the isocurvature perturbation is characterized as
Piso(k) =
2pi2
k3
Aiso
(
k
k0
)niso−1
,
where k0 is the pivot scale and Aiso and niso represent the amplitude and spectral index of the isocurvature
perturbation at the pivot scale respectively. Our case corresponds to Aiso = 3.2 × 10−12fPBH(MPBH/30M)
or Aiso/Aadi = 1.5× 10−3fPBH(MPBH/30M) and niso = 4 with Aadi = 2.2× 10−9 being the amplitude of the
adiabatic curvature at the pivot scale.
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Figure 1: Linear matter power spectrum as the sum of the adiabatic contribution and Poisson
fluctuation from PBHs at redshift z = 20. We have set MPBH = M (100M) in the left (right)
panel and fPBH = 10
−1, 10−2, 10−3, 10−4, 10−5 from top to bottom in each panel. The red
dotted lines represent conventional prediction without PBHs.
M = 4piΩmρcrR
3/3 within the comoving radius R and find
R
h−1Mpc
= 0.95× 10−4 Ω−1/3m0
(
M
h−1M
)1/3
. (12)
The halo mass function denoted by dn/dM is defined by the number of halos which have masses
in a range between M and M + dM , and conventionally it is expressed as
dn
dM
=
ρm
M
d log σ−1
dM
f(σ) , (13)
where f(σ) is a fitting function and we use the formula derived in [54].
PBHs contribute additional power (11) for the formation of dark matter haloes through the
variance (5). Being constant on all scales, (11) is dominant on small scales or, equivalently, for
haloes with small masses. Figure 2 shows σ(M) numerically computed by adding (11) to P (k)
in (5). Dashed lines are the standard adiabatic results, while solid lines exhibit an enhancement
due to the Poisson fluctuations. Because σ(M) from PBHs exceeds the critical density, even
though PBHs account for only a small fraction of total dark matter, their Poisson fluctuations
can seed small-scale structure at high redshift. We use this σ(M) for the computation of the
halo mass function accordingly. In addition, we postulate an upper bound on the halo mass
function in the case where the Poisson fluctuation dominates the adiabatic one. This is based
on the fact that the halo formation in that case occurs around at least a single PBH and thus
the number of haloes cannot exceed that of PBHs. One can estimate the comoving number
density of PBHs nPBH as
nPBH =
ρPBH
MPBH
=
fPBHΩc0ρcr0
MPBH
∼ 105Mpc−3
(
fPBH
10−4
)(
30M
MPBH
)
. (14)
Hence, we conservatively impose the maximum value of the halo mass function given by (14)
if the Poisson fluctuation is the dominant source of the halo formation. We set the low-mass
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Figure 2: Smoothed variance of linear density perturbation at redshift z = 20. We have set
MPBH = M (100M) in the left (right) panel and fPBH = 10−1, 10−2, 10−3, 10−4, 10−5 from
top to bottom (solid lines). The dashed lines corresponds to the pure adiabatic case. The
horizontal dotted black line shows the critical density contrast for spherical collapse, δc = 1.69.
cutoff as well to be the PBH mass in that case. The resulting mass function with logarithmic
mass interval at redshift z = 20 is shown in Figure 3.
Finally, let us consider the matter power spectrum based on the halo model (for a review,
see [55]). In the halo model, the power spectrum is divided into two parts, one halo term and
two halo term:
Phalo(k) = P1h(k) + P2h(k) , (15)
where
P1h(k) =
∫
dm
dn
dm
(
m
ρ¯
)2
|u(k,m)|2 , (16)
P2h(k) =
∫
dm1
dn
dm1
(
m1
ρ¯
)
u(k,m1)
∫
dm2
dn
dm2
(
m2
ρ¯
)
u(k,m2)b(m1)b(m2)P (k) . (17)
Here, b(m) is the linear bias, ρ¯ =
∫
dmmdn/dm is the mean matter density in haloes with
dn/dm as shown in Figure 3, and u(k,m) is the normalized Fourier transformation of the
density profile
u(k,m) ≡
∫ rvir
0
dr4pir2
sin kr
kr
ρNFW(r,m)
m
, (18)
where rvir is the virial cutoff radius and we have adopted the Navarro-Frenk-White (NFW)
density profile [56]. Figure 4 shows the resulting halo power spectrum under the presence of
the PBH Poisson fluctuations. Since the halo formation is significantly promoted by the PBH
Poisson fluctuations, the halo power spectrum is overall enhanced especially for larger fPBH
and MPBH. The discontinuities near the right endpoint in Figure 4(b) come from the low-mass
cutoff of the haloes from PBHs.
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Figure 3: The halo mass function with logarithmic mass interval at redshift z = 20. We have
set MPBH = M (top left), 10M (top right), 100M (bottom left) and 1000M (bottom right).
In each panel, fPBH = 10
−1, 10−2, 10−3, 10−4, 10−5 from top to bottom at the right endpoint.
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Figure 4: Halo power spectrum based on (15). We have set MPBH = M (100M) in the left
(right) panel and fPBH = 10
−1, 10−2, 10−3, 10−4, 10−5 from top to bottom in each panel. The
dotted red lines show the prediction from the conventional adiabatic fluctuation without PBHs.
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3 21cm signature from minihaloes
In this section, we discuss the 21cm signature as a consequence of the minihalo formation from
the PBH Poisson fluctuations and show the detectability and the forecast of the constraint on
the PBH abundance by future observations such as SKA. Here we adopt the truncated isother-
mal sphere [57,58] as a baryonic halo model relevant for the 21cm line emission/absorption and
follow the analysis in [44,46].
The 21cm emission/absorption signal can be calculated in terms of the spin temperature,
TS, which is defined through the relative number density of the neutral hydrogen atom between
the singlet (n0) and triplet (n1) hyperfine splitting states,
n1
n0
= 3 exp
(
− T∗
TS
)
, (19)
where T∗ = 0.068 mK is the temperature corresponding to the energy splitting between two
states. The spin temperature is formally expressed as
TS =
TCMB + yαTα + ycTK
1 + yα + yc
, (20)
where TCMB, TK , Tα, yα and yc are respectively the CMB temperature, the kinetic temperature,
the Lyα color temperature, the radiative coupling constant and the collisional coupling constant
[59]. Here we assume that bright luminous sources for UV and X-ray photons are not yet
abundant and Lyα pumping is not efficient. Hence we set yα = 0. For the case of H-H collision,
yc is given by
yc =
T∗nHIκ
A10TK
, (21)
where nHI is the number density of the neutral hydrogen, A10 = 2.85×10−15 s−1 is the Einstein
A coefficient for the 21cm transition and κ is approximately given by [60]
κ = 3.1× 10−11
(
TK
1 K
)0.357
exp(−32 K/TK) cm3 s−1 . (22)
The effect of minihaloes or IGM on the 21cm radiation can be measured as the brightness
temperature. By solving the equation of radiative transfer, the brightness temperature for
photons with frequency ν coming through a single minihalo with impact parameter α can be
expressed as
Tb(ν, α, z) = TCMB(z)e
−τ(ν) +
∫ ∞
−∞
dRTS(`)e
−τ(ν,R) ∂τ
∂R
, (23)
where TCMB(z) = 2.75K(1 + z) is the CMB temperature at redshift z and ` is the radial
comoving distance from the center of the minihalo satisfying `2 = R2 + (αrt)
2 with rt being a
cutoff radius of the minihalo. The total optical depth for photons with frequency ν through a
minihalo along the line of sight can be calculated as [45]
τ(ν) =
3c2A10T∗
32piν2∗
∫ ∞
−∞
dR
nHI(`)φ(ν, `)
TS(`)
, (24)
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where φ(ν, `) is the line profile given by
φ(ν, `) =
1
∆ν
√
pi
exp
[
− (ν − ν∗)
2
∆ν2
]
where ∆ν = ν∗
√
2kBTK(`)
mHc2
(25)
for the Doppler broadening with ν∗ = 1.42 GHz being the rest-frame frequency corresponding
to the 21cm radiation. τ(ν,R) in the second term in (23) is given by
τ(ν,R) = τIGM +
3c2A10T∗
32piν2∗
∫ R
−∞
dR′
nHI(`
′)φ(ν, `′)
TS(`′)
, (26)
where τIGM is the IGM optical depth
τIGM(z) =
3c3A10T∗nHI(z)
32piν3∗TS(z)H(z)
. (27)
From (23), one obtains the differential brightness temperature of the 21cm radiation from
minihaloes with respect to the background CMB temperature defined by
δTb =
〈Tb〉
1 + z
− TCMB(0) , (28)
where an angular bracket represents the average over the halo cross section, 〈Tb〉 =
∫
Tb(α)dA/A
with A = pir2t . Since there exist minihaloes with various masses at redshift z, the observed
differential brightness temperature is averaged over halo mass and is written as
δTb =
c(1 + z)4
ν∗H(z)
∫ Mmax
Mmin
∆νeffδTb(M)A
dn
dM
dM , (29)
where ∆νeff = [φ(ν∗)(1 + z)]−1 is the effective redshifted line width. Mmax is determined by the
virial temperature Tvir = 10
4 K and Mmin = max(MJ, MPBH) with MJ being the Jeans mass
given by
MJ = 5.7× 103M
(
1 + z
10
)3/2
. (30)
Finally, we obtain the q-σ fluctuation of the differential brightness temperature smoothed over
the survey volume with beam angle ∆θbeam and frequency band width ∆νband [44],
〈δT 2b 〉1/2 = qσp(∆θbeam,∆νband)β(z)δT b , (31)
where σp denotes the root-mean-square of the fluctuation of the linear density perturbation
smoothed over the observational cylinder with comoving radius R = ∆θbeam(1+z)DA(z)/2 and
length L = (1 + z)cH(z)−1(∆νband/ν) with DA being the angular diameter distance [61]. β(z)
is the flux-weighted average of the bias b(z,M) [46].
In Figure 5, we show the 3σ fluctuation of the differential brightness temperature (31) in
the presence of the minihaloes from the PBH Poisson fluctuations. The solid lines correspond
to the cases with non-zero fPBH, while the red dashed line represents the prediction from the
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Figure 5: The 3σ fluctuation of the differential brightness temperature of redshifted 21cm
emissions. Different coloured solid lines in each panel correspond to different values of fPBH.
The dashed red lines and dotted magenta lines respectively represent the conventional prediction
and the noise curve of SKA.
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Figure 6: Forecast constraint on the PBH dark matter fraction in terms of the PBH mass by
SKA (inside the red hatched region). Other shaded regions represent the current constraints
summarized in [17].
standard scenario with adiabatic Gaussian primordial perturbations and the dotted magenta
line expresses the noise curve of SKA-like surveys given by [62]
δTnoise = 20 mK
104 m2
Atot
(
10 arcmin
∆θbeam
)2(
1 + z
10
)4.6(
MHz
∆νband
100h
tint
)1/2
, (32)
where Atot is the effective collecting area of the radio arrays and tint is the integration time. We
have set Atot = 10
5 m2, ∆θbeam = 9 arcmin, ∆νband = 1 MHz and tint = 1000 h. As we can see,
for example, PBHs with MPBH = 10M can significantly alter the 21cm signal for fPBH & 10−3.
This indicates that future 21cm observations can place strong constraints on the abundance of
PBHs.
As a summary, we show in Figure 6 the forecast constraint on the PBH fraction by SKA
using the χ2 analysis following [49]. Inside the red hatched region, SKA can observe the 21cm
signals with 95% confidence level.
4 Conclusions
In this article, we have studied the impacts of PBHs as a part of cold dark matter on the early
small-scale structure. Since the formation of PBHs is a rare event and thus follows Poisson
distribution, there exists an additional scale-invariant fluctuation due to the Poisson noise of the
number of PBHs, which is independent of the primordial adiabatic density perturbation. Thus,
it behaves as an isocurvature perturbation and, since it rapidly grows on small scales, early
structure formation is accelerated. We have found that the halo mass function is significantly
11
enhanced due to the addition of the constant power spectrum (11) to the variance (5) as
shown in Figure 3. Those haloes originated from the PBH Poisson fluctuations can further
enhance the 21cm emission line signals by providing modified mass function. The enhanced
fluctuation of the 21cm differential brightness temperature shown in Figure 5 is very sensitive
to the number of minihaloes seeded by PBHs, even if PBHs occupy sub-percent fraction of the
present cold dark matter. Thus precise future radio telescope surveys such as SKA can provide
very strong constraints on the abundance of PBHs. In this article, we have neglected the
effect of matter accretion onto PBHs and its X-ray emission on the 21cm fluctuations discussed
in [42]. Such an extra X-ray heating can also alter the 21cm brightness temperature significantly
and it can strongly constrain the PBH abundance. Moreover, the enhancement of small-scale
structure at high redshift can modify the reionization history. In particular, the enhancement
of halo formation leads to the increase of luminous sources which emits UV photons ionizing
IGM. Hence the reionization optical depth is altered and it can be constrained by the CMB
observation as discussed in [49] in the case of our interest. We leave the combined analysis with
the above issues in future work.
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